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Abstract

This paper examines the response of tensegrity systems subjected to dynamic loading. A numerical investigation
into the behaviour of these structures is performed using nonlinear dynamic time history analysis to determine
element axial forces and nodal displacements responses of the system. The investigation is carried out on the
continuous struts tensegrity systems. The systems are constituted by an assemblage of several four-strut basic
modules. The structure’s frequencies are determined assuming it vibrates about its deflected position under
variable load magnitudes. Maximum element force time histories and dynamic amplification factors are
computed as a function of variable load frequencies. Results obtained revealed that resonant responses occurred
at frequency which corresponds to that of the lowest mode of vibrations, and caused buckling in most elements of
the structure. Also in this study, a dynamic analysis of self-stress levels of tensegrity systems is performed.
Considering the results, in the cases of vibration of the structure about its initial undeflected position and
deflected position which is under vertical loading, the frequencies are independent of the selfstress level in the
former case and dependent of the selfstress level with nonlinear relationship in the later case.
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Introduction

Tensegrity systems are a class of space structures consisting of a set of continuous set of cables (tension members)
and a discrete set of struts (compression members). These systems have been defined by several pioneers. Ever since
they made their first apparition in the work of the sculptor Johansen and later popularized by the artist Kenneth
Snelson and the architect Buckminster Fuller, tensegrity systems continued interesting researchers intrigued and
fascinated by their innovative concepts. Most of the geometrical work related to these systems was based on
polyhedron geometry and was carried out for the major part by Emmerich, Fuller and Pugh [1].

Recently, Rene” Motro has given a very wide conceptual definition of them, taking into account the different
evolutions, which have appeared since they have begun to be studied. According to him, “A tensegrity system is a
system in a stable self equilibrated state comprising a discontinuous set of compressed components within a
continuum of tensioned components” [2]. Selfstress is created by shortening the cables and/or lengthening the bars
starting from a geometry with no selfstress. Moreover, this state of selfstress may stabilise the infinitesimal
mechanisms of the structure (internal mechanisms not generating, at the first order, any deformation in the elements)
[3]. Like many selfstressed reticulated systems, tensegrity structures are attractive since they represent lightweight
systems and the transparency they convey provides new sources of inspiration for architects and civil engineers.
They prompted the necessity of further developing knowledge in the conceptual level as well as in the mechanical
behaviour of these innovative structures.

Until recently, some studies have been undertaken on the dynamic behaviour of the small tensegrity systems.
Ben Kahla and Moussa have performed a numerical investigation into the effect of sudden rupture of a cable
component in a tensegrity assemblage using nonlinear dynamic time history analysis [4]. Ben Kahla, Moussa and
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Pons have performed nonlinear dynamic analysis of a five module tensegrity beam by including only geometric
nonlinearity and using the Newmark constant-average acceleration method and modified Newton-Raphson iterative
scheme [5]. They also have investigated the evolution of natural frequencies in tensegrity systems through case
study [6]. Zhang and Chen have carried out dynamic analysis of natural vibration properties and seismic response
for a tensegrity tower [7].

Despite few studies on the dynamic behaviour of the tensegrity systems, so far no investigation has been carried
out to examine nonlinear dynamic behaviour of double layer tensegrity systems, taking into account both geometric
and material nonlinearities.

With the introduction of the concept of “double curvature” tensegrity structures, a new category of systems
emerged for which the equilibrium shape is modified so as to generate these systems. The objective of this paper is
to investigate the nonlinear dynamic behaviour of double curvature double layer tensegrity systems. For this purpose
the implicit dynamic analysis method is used to integrate the equations of motion, together with a Newton-Raphson
iterative scheme to insure equilibrium within each time step.

Double Curvature Tensegrity Systems

Regular cylindrical tensegrity modules have been utilized as basic tensegrity modules to build more complex
tensegrity structures such as double-layer tensegrity systems. These modules are composed of two parallel n
polygons of cables interrelated by 7 cables (called bracing cables) and n compressive elements. Tarnai demonstrated
that a state of self-stress is obtained when:

B=m+2x/2n or L=0Gn+2)x/2n D

Where ,3 is the relative rotation of the two n polygons. In the case of 4-polygons, these values lead to geometry
where D1 is parallel to D3 and D2 to D4 (Figurel).

Figure 1- 4-prismutic module: geometry of self-stress Figure 2- Skew 4-prismatic system, (a) plane view; (b) perspective
view

Geometry of the “regular” basic unit ("simplex") was computed with one the form-finding methods which allow
also “irregular” morphologies like Skew 4 prismatic system (Figure 2). This simplex is a basic block for double
curvature double layer grids. The geometry of bi-dimensional assembly of these cells to create double curvature double
layer tensegrity systems is shown in figure 3, which are continuous strut models and geometrically flexible. These
geometrical flexible structures have stiffening characteristics due to the pre-stressing [8]. The characteristics of the
studied configuration are as follow:

Rise to span ratio=1/2.825, Span=6m, Thickness of structure#.53m, consisting of 36 prismatic modules;



Figure 3- double layer double curvature tensegrity systems

The grid is supposed to be resting on the external nodes of the lower layer. For the purpose of the present study a
selfweight load of 250 N/m” has been taken which includes the selfweight load of the elements and a potential
surface of cladding. The live load is taken as a load of snow which is no more than 1100 N/m”.

The design process that was proposed by Motro et al is composed of two stages, namely “Service Limited States”
(SLS) and “Ultimate Limited States” (ULS). In the SLS design, according to Eurocode 3, in the case of grids for
roofing, the maximum displacements are deliberately limited to the (1/200th) of the span. As for the choice of the
selfstress level, it is made according to 50% from the limit recommended by EC3 for the compression of struts. In
both SLS and ULS stages, local stability of the elements and overall stability of the structure must be verified. In
ULS the slackness in the cables is accepted if there is no doubt about the overall stability of the structure [9]. The
external load to be taken into account for the SLS and ULS are 1350 N/m* and 1987 N/m? respectively. With these
conditions, a cross-section design of 2.5 cm” for the struts and of 0.60 cm” for the cables has been obtained.

Finite Element Modeling

The studied double curvature tensegrity system included has been analyzed using ABAQUS, a nonlinear finite
element software package. The performed dynamic analyses consider both geometric and material non-linearities
due to the changing status of the cable elements (states of slack or taut), considerable shortening of members due to
axial forces, change of member length due to bowing, large displacements, stiffening due to pre-stressing, nonlinear
strain-stress response of cable elements and nonlinear axial strain-axial stress relationship of compression-only
members. Since tensegrity systems are made up of cables and struts, all of their tension-only and compression-only
components are modeled by truss elements. Figure 4 illustrates the axial strain-axial stress responses of the struts
with slenderness ratio of L/r = 100. The strain-stress response of the cables, used in analyses, is illustrated in Figure
S[1.

The joint co-ordinates and member connectivity data required for the structural analysis has been generated
using the configuration processing capabilities of formex algebra [10]. This has been made necessary by the evident
complexity of the double curvature tensegrity system considered.
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Figure 4- The axial strain-axial stress responses of the struts Figure 5- Stress-strain relationship for cable elements
with the slenderness ratio of L/r = 100 (¢=0.001L)

Dynamic Analysis
The incremental equation of motion of a tensegrity system written with respect to its configuration at time ¢+ A¢ is:

Mt+AtU +C1+AtU +Kt+AtU:t+AtR (2)

where, M, C and K are the mass, damping and stiffness matrices respectively; U , U and U are respectively
vectors of nodal acceleration, velocity and displacement respectively.

The Newmark constant-average acceleration method (Trapezoidal rule) is used to integrate Eqn. 2 in time.
Structural damping of the struts were neglected, however fictitious linear dampers were inserted in parallel with
each cable to account for the inner friction between cable strands. The fraction of critical damping was considered
about 3%. The first twenty lowest natural frequencies of vibration of this structure were determined. They were
obtained for both vibrations of the structure about its initial undeflected position (no loads applied), listed in Table 1,
and about its nonlinear static deflected equilibrium position under equal vertical loads applied to its upper nodes. In
Figure 6 is plotted the variations of the first twenty lowest frequencies as a function of the magnitudes of the applied
loads that has been taken twice the SLS criteria. This plot shows that in the chosen range of amplitude, the
fluctuations of the frequencies are not significant for the lower modes and present some variations for the upper ones
(mode 5 and up).

Table 1- The twenty lowest frequencies of vibrations of the system about the initial undeflected equilibrium positions

Mode No 1 2 3 4 5 6 7 8 9 10
Frequency (Hz) [ 15.2591 | 15.2591 | 15.5487 | 23.7658 | 28.6164 | 28.6164 | 29.9052 | 42.6978 | 42.761 | 42.761
Mode No 11 12 13 14 15 16 17 13 19 20
Frequency (Hz) | 44.4942 | 45.8999 | 45.9337 | 45.9337 | 50.1625 | 51.5718 | 56.1043 | 57.0337 | 57.8596 | 57.8596
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Fig. 6 Variation of the first twenty lowest frequencies as a function of the magnitude of the applied load

For the nonlinear dynamic study, all the upper nodes of this structure were loaded by equal vertical loads P(t) =
850.sin(mt) N. The amplitude of this harmonic loading has been chosen according to SLS criteria. At first, twenty
dynamic analyses were carried out. The time domain for dynamic analyses used was 2 s with a time step for the
numerical integration of 0.0002 s. For each of these analyses, the frequency of the applied vertical loads was taken
equal to that of the natural frequency of the example structure assumed to vibrate about its initial undeflected
position (no loads applied). The dynamic amplification factors (DAF) for the axial forces of all members of the
structure were determined and tabulated in Table 2 for all twenty frequency cases. The dynamic amplification factor
for an element axial force is defined as the ratio of the largest element axial force obtained from dynamic analysis to
the element initial axial forces obtained statically for the unloaded structure. Figure 7 indicate the variation of
average D.A.F. in the system as a function of mode number. The evolution of the D.A.F. with the load frequency
demonstrates well the non-linear character of the system.

By the inspection of table 2 and Figure7, the maximum average dynamic amplification factors are corresponding
to the frequencies of the mode 1, 2, 3 and mode 15. However by examination the response of the system under these
load frequencies, it appears that load frequencies corresponded to mode 1 and 2 are decisive. In these cases the
number of buckled member is greater than other cases. Consequently, resonant responses occur at frequencies which
correspond to that of the lowest mode of vibrations.

Then a vibration analysis is performed on the stabilized geometry of the system corresponding to the state of
self-stress recommended by Eurocode 3 and about its nonlinear static deflected equilibrium position under equal
vertical loads applied to its upper nodes in two loading cases of -850 N and -1700 N. Its lowest ten natural
frequencies of vibrations are determined. The frequencies of the first ten modes of vibrations are plotted as a
function of the variations of the initial strain level in the system; they are shown in Figures 8, 9 and 10. The only
sensitive variations observed of the frequencies corresponded to those associated with the higher modes of vibration
about its nonlinear static deflected equilibrium position under loading. In the case of vibrations of the structure about
its initial undeflected position, the frequency is independent of the self-stress level. Consequently, the level of
selfstress has little effect on the rigidity of the system. However in the case of vibrations of the system about
deflected equilibrium position under vertical loading, the frequency, especially in higher modes varied with the self-
stress level. Consequently, under vertical loading the relationship between the frequency and the self-stress level is
nonlinear. In other word, in their evolution when subjected to external loading, because of the nonlinear behaviour
of the tensegrity system, the relation between natural frequency and initial stress level is nonlinear.
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Figure 7- Evolution of the Average D.A.F. as a function Figure 8- Evolution of the first ten natural frequencies
of the Mode Number as a function of the initial strain (unloaded case)






