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Abstract 

This paper introduces a numerical method for solving free surface flow in canals with bed slopes. The model 

is suitable for computation of flow velocity pattern and water depths. The developed numerical algorithm 

solves the set of shallow water equations. The set of equations contains the continuity and motion equations 

in horizontal plane. The effect of bed slope is included in the gravitational term of the equations of motion, 

while the effects of bed and wall frictions considered in the global stresses. The governing equations were 

converted to discrete form on unstructured mesh using the cell vertex finite volume method. The develop 

model is utilized for flow simulation in a number of flow regimes in prismatic canals, which have two 

different constant bed slope parts. The numerical results present the ability of the model to simulate super-

critical flow, sub-critical flow and mixed flow in canals according to the combination of bed slopes. The 

accuracy of the results is assessed by comparison of computed results with the analytical solutions. 
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Introduction  
The shallow water equations have a wide application for solving many types of two dimensional real world flow 

problems such as internal flows, atmospheric flows, coastal flows, tidal flows, tidal mixing, residual currents, 

storm surges, river flows, dam-break waves, lake flows, and planetary flows. The main assumptions for using 

shallow water equation is hydrostatic distribution of pressure, which means there is no significant velocity 

component in vertical direction and uniform distribution of horizontal velocity in vertical plane. However, the 

classic shallow water equations assume the channel bed is horizontal [ 1]. Therefore, the classic shallow water 

equation is not able to simulate flows in cases with complex topography while this situation exists in wide range 

of real cases. Therefore, considering bed slope and topography variations of the case improve ability of the 

shallow water equations to simulate real applications. By considering the channel bed in the shallow water 

equations, one may simulate supercritical flow (i.e. in chute spillways). The bed slope of the channel is 

mathematically modeled in four different ways in the equations of the motions. First, for the mild and constant 

channel bed, the effect of bed slope can be considered as a global force in the sink/source terms as a constant 

value. This scheme is applicable for limited range of real cases. Second, computing bed slope via adding a 

spatially variable term as a function of local slopes in to horizontal directions ( xz ∂∂− /  and yz ∂∂− / ) in the 

sink/source terms of equations of motion [ 1]. This scheme can be computed bed slope for wider range of real 

cases, but it is not applicable for the cases with the steep slopes and faces numerical difficulties in the cases with 

sudden variations of the bed slope. Third, the bed slope can be considered in the gravitational terms which 

represent the hydrostatic pressure effects (using xzh ∂+∂− /)(  and yzh ∂+−∂ /)(( ) in the equations of motion. 

Applying this scheme, the shallow water equations can numerically simulate flows over irregular sloping beds 

with considerably less computation efforts [ 2]. Forth, the coordinate system of equations must be transformed to 

a plane, which its normal corresponds to the bed surface normal at each computational node [ 2]. This scheme is 

applicable to the cases with steep slopes but suits to cases with smooth and regular changes of bed slopes. 

However, the transformation of equations to the curvilinear coordinates may increase the computational 

complexities. In this work, a mixed of third and forth schemes of the above mathematical modeling of bed slope 

in the set of shallow water  equations are used for numerically simulation of different flow regimes (sub-critical, 

super-critical, and mixed of sub and super-critical) in a long channel with dual bed slopes. It should be 

mentioned that in this model, super critical flows are simulated using the forth method and the third method is 
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applied to the model for simulating subcritical flows. Regions of each of super and sub critical flows can be 

defined by the user using coordinate of interface of the regions. 

The cell vertex finite volume method suitable for the triangular unstructured meshes is applied to convert the 

mathematical equation to discrete formulations. In order to avoid the possible instabilities during explicit 

solution procedure of the convection-dominated equations, proper artificial viscosity terms, which preserve the 

accuracy of the solution, are added to the formulation. Proper numerical techniques are adopted for increasing 

the efficiency of the computation on unstructured meshes. 

The computational results present encouraging agreements with the expected solutions. This success paves the 

way toward the simulations of more complicated real world problems. 

 

Mathematical Modeling 
The set of shallow water equations is a special form of the Navier-Stokes equations while is obtained by 

integrating the Navier–Stokes equations from the bottom to the water surface of the channel. The important 

assumptions hydrostatic distribution of pressure means that there is no significant velocity component in vertical 

direction. Additional assumptions, like incompressibility of water flow, negligible shear wind stress in water 

surface and insignificant Coriolis effects due to earth rotation may provide further simplifications for particular 

problems of channel hydraulics. The convective form of the equations is usually applicable to free surface flow. 

In the applied form of the equations, the effect of bed slope is considered in the gravitational terms while bed and 

wall frictions are considered in the sink/source terms as global forces of the equations of motions.  

The set of shallow water equations consist equation of continuity and two equations of motion in horizontal 

plane. The depth averaged continuity equation is derived from the mass conservation equation for free surface 

flow as: 

                                                     ( ) ( ) 0=
∂

∂
+

∂

∂
+

∂

∂
hv

y
hu

xt

h   (1) 

Where t = time, x and y = Cartesian coordinates, h = flow depth and u and v = depth averaged velocity 

components. 

The equations of motion for free surface flow in a channel with bed slope are formed from the momentum 

conservation equations in two Cartesian coordinates in horizontal directions. The equation of motion in x 

direction is written as follow. 
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Similarly, the equation of motion in y direction is written as follow. 
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Where t = time, x and y = Cartesian coordinates, h = flow depth, u and v = depth average velocity vectors, z = 

bed elevation, g = gravity acceleration, and ρτ b and ρτ b  are global dissipative forces which are compute 

using following formulas [ 1], [ 2]. 
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Where, Cf represents the effective global dissipative coefficient [ 3], which can be formed by summing the wall 

frictions as well as turbulence and viscosity dissipation effects at the nodal points of the flow domain [ 4]. 

Moreover, the effect of wall friction may be considered in the coefficient Cf at the wall boundary nodes [ 5]. 

 

Numerical Formulation 
The partial differential equations (1), (2) and (3) can be solved on triangular unstructured meshes, which is 

generated applying Delaunay triangulation method [ 6] in a coupled manner using the algorithm developed for 

the compressible flow problems [ 7].  

The cell vertex finite volume method [ 4] is applied for discretization of equations (1), (2), and (3). In this 

method, the domain is divided into triangular sub-domains (control volumes), which is formed by triangles 

meeting every computational node, and then the governing equations are integrated over each sub-domain Ω . 
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M  

The equations of continuity and the motions are integrated over each control volume. Application of the Green's 

theorem to the integrated equation in general form result is: 
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Where 
iΩ  and Γ are the area and boundaries of the control volume, respectively. W represents time dependent 

terms of (1) to (3) while, F  and G represent x and y dependent in (1) to (3), respectively. S is the sink/source 

term of the equation. Its value equals to zero for the continuity equation and equal to global forces for two 

equations of motion. If nodal values of dependent variables at each triangle vertex are taken as the unknowns at 

the central node of the control volume Ω , the discrete explicit form of the equation is evaluated by conversion 

of the boundary integral into the summation over m edges of the control volume, as 
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Where W
n+1

 is the value of W
n
 to be computed after t∆ . The parameters F  andG  are the average values of the 

fluxes in x and y spatial derivatives in each edge at the boundary edges of the control volume [ 7]. 

 

Artificial Dissipation 
In the explicit solution of the convective equations where the global dissipative terms are negligible, some 

numerical oscillations grow particularly near the high gradient regions. These numerical noises disturb the 

solution procedure in the cases with small physical dissipation mechanisms. For the flow problems with gradual 

changes in dependent variables (flows with no shock waves), the fourth order term (Biharmonic operator) 

produces enough dissipations to damp out the numerical oscillations and stabilize the explicit solution procedure. 

However, the formulation of the artificial dissipation term should preserve the accuracy of the solution. 

Moreover, the formulation of this additional term must be suitable for computations using irregular node 

numbering of the unstructured meshes utilized in present work. The artificial dissipation operator which can be 

added to the aforementioned algebraic formulation, is formulated as  
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The scaling factor, ijλ , is computed using the maximum nodal values of Eigen values of Jacobin matrix at the 

edges connected to the centre of the control volume. λ  is evaluated as follow.  

                                             ( )2222ˆ. yxCUnU ∆+∆++=
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 Where C = celerity, U
r

= average computed velocity, and n̂ = normal vectors at boundary edges of control 

volume Ω . The celerity is computed as follow. 

                                                                 hgC =  (9) 

Where g = gravity acceleration. Depending on the sizes of grid spacing, the coefficient of the artificial 

dissipation term, ε  should be tuned to the minimum required value ( 256/3256/1 ≤≤ ε ) for the applied mesh [ 7]. 
 

In and out Flow boundaries 
The model can distinguish inflow and outflow boundaries automatically using normal vector and velocity vector 

at the boundary nodes. However, manual distinction of flow boundaries can prevent computational conflicts. 

Flow boundary conditions are imposed concerning type of flow in each boundary while type of the flow defines 

using computed Froude number for the boundary cells. Following boundary conditions are implemented for sub-

critical flows [ 8], 

1 At inflow boundary nodes, the components of the unique width discharge, hu and hv, are specified and 

the depth, h, is extrapolated from the inside domain.  

2 At the outflow boundary nodes, the depth, h, is imposed and the velocity components, u and v, are 

extrapolated from the interior nodes of domain. 

 For super-critical flow the boundary conditions are: 
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1 At inflow boundary nodes, the components of the unique width discharge, hu and hv, and the depth, h, are 

imposed. 

2 At outflow boundary nodes, the velocity components, u and v, and the depth, h, are extrapolated from the 

interior nodes of the domain. 

In some cases, mixed flow may form in a certain channel. In these cases, at each flow boundary proper boundary 

condition is imposed concerning the local regime of the flow. For example, at the upstream boundary, the flow is 

sub-critical, and at the downstream boundary, the flow is supercritical. In such a case, the free stream velocity 

components (or the unique width discharge components) are imposed at the upstream boundary, and the velocity 

components and the depth are extrapolated at the downstream boundary. Therefore, the depth is not imposed at 

any boundary. In this case the critical depth, which is automatically formed by the numerical flow-solver at the 

position where the flow regime changes, should play the role of an internal boundary condition. Then from the 

point that critical depth is computed, the flow depths can form toward the upstream and downstream directions 

[ 5]. 
 

Time Marching  
The time marching of the explicit computations ( t∆ ) should be proportional to the speed of wave propagation of 

the applied convective equations. This speed can be computed using, λ the maximum Eigen values of Jacobin 

matrix of homogonous form of the set of governing equations. Hence, for every control volume, iΩ  in 

computational domain, the time marching limit is specified as, 
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Where, parameter iλ  represents the maximum nodal values of Eigen values of Jacobin matrix at the edges 

connected to the centre of the control volume i. The Courant-Fredrish-Levy number (coefficient CFL ) is 

evaluated by the stability condition for explicit computation procedure.  

Since we are dealing with unstructured meshes, the size of control volumes varies over the computational 

domain. Therefore, every control volume has its own time step, it∆ . Hence, the speed of explicit computations 

is limited to the minimum min)( t∆  in the unsteady flow field. Although the values of the time step, it∆  for 

every control volume vary during the stages of the numerical solution, it may approach to certain values when 

the computations converge to the steady state conditions [ 9]. 

 

Efficiency Improvements 
Local Time Stepping 

The choice of 
min)( t∆  for the time marching of the numerical solution may slow down the computations. For the 

steady flow cases, considering 
it∆  local time step limit associated with the control volume 

iΩ  will speed up the 

convergence to the steady state condition [ 9]. However for relatively long channels, the choice of local time 

stepping may disturb safe propagations of flow boundary condition influences, and hence, may endanger the 

stability of the solution procedure values of the time step, 
it∆  for every control volume vary during the stages of 

the numerical solution.  

 

Multi-stage time stepping 

The Courant-Fredrish-Levy number condition is relaxed by application of a three stages Runge-Kutta time 

stepping technique. Therefore, maximum value of the Courant-Fredrish-Levy number limited up to 3 

( 0.3≤CFL ) [ 7]. 

 

Residual Smoothing 

Smoothing the residuals (sum of convective artificial dissipation terms) increases, the stability of the 

computations and speeds up converge to the steady state. In present work two iterations of the implicit residual 

smoothing technique is utilized [ 10] 

 

Freezing of some computations 

In order to reduce the computational expenses, the artificial dissipation operator and the global forces as well as 

time step limited can be computed in some certain computational stages. However, the last values of these terms 
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are applied to the computation. Performing residual smoothing only at similar computational stages may provide 

additional saving [ 11]. 

 

Edge-Base algorithm 
In the triangular meshes, every edge is shared at two neighboring control volumes. Hence, the computation of 

the part of the boundary integral of convective term associated with a certain edge may perform twice. In order 

to save the computational efforts, the computations is done once over the edges and then the results of the 

computations are added to central node of the left and right control volumes with opposite sign. Similar to the 

convective terms, the computations of artificial dissipation at the computational nodes are performed using the 

edges between two computational nodes. Therefore, of this term can be computed once for two nodes of each 

edge using similar technique. Note that, this algorithm requires edge-base mesh data structure, which specifies 

the number of two end nodes as well as the left and right nodes of all the edges in the domain. [ 7]. 

 

Numerical Experiments 
In order to evaluate the ability of the model to simulate free surface flow in channels with bed slope, three long 

channel with different types of dual slopes are selected from the literature of numerical works[ 5]. The 

rectangular cross section channel has 1.4m width. Its 52.56m length consists two parts with different bed slope. 

The first part is 24m and the second is 28.56m long in length. The Manning's coefficient for both bed and wall is 

0.02 and the value of the turbulent dissipation is equal to bed resistance. In order, the numerical simulation the 

utilized unstructured mesh is refined at the vicinity of the location of changing the bed slope (Fig.1). 

 

 
Figure 1. Unstructured mesh refined at the vicinity of the point where the bed slope changes 

 
As the first test, both part of the channel have steep slopes (S0=0.03 and S0=0.01), and hence, supercritical flow 

is numerically simulated [ 5] using the forth method of bed slope simulation. Since the flow regime is 

supercritical all over the channel, at the upstream boundary the depth (h=0.2m) and the flow discharge 

(Q=0.86m
3
 /s) are imposed [ 5]. The computation performed after implementation of proper initial and flow 

boundary conditions. As shown in figure 2, at first part of the channel, profile smooth variation of water depth is 

developed, but the S3 profile of the water depth in the second part uniformly formed.  
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Figure 2. Water depth profile along the centerline of the channel for two steep bed slopes 

 
In the second test, the first part of the channel has a steep slope (S0=0.009) while the second part of the channel 

has an inverse slope (S0=-0.005). The downstream flow depth is h=0.3m and the upstream flow discharge is 

reported Q=0.31m
3
/s [ 5].In this test, flow is sub-critical while the bed slope of the first part of the channel is 

steep slope and the third method of bed slope simulation utilized for this test. Due to inverse bed slope of the 

second part of the channel some bed resistance against flow exists and it causes increase in water depth. 

Increasing water depth elevates water depth in the first part of the channel. Since the flow is sub-critical, relative 

boundary condition is imposed at the in and out flow boundaries. In this test, constant along the channel is 

assumed as the initial depth (the water surface profile is parallel to the channel bed). As shown in figure 4, flat 

A2 water surface profile is formed in the second part while the depth variation conforms S1 profile in the first 

part at the end of computations.  
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Figure 4. Water depth profile along the centerline of the channel for mild and inverse bed slopes 

 
The third test is a challenging test which contains an inverse slope (S0=-0.01) followed by a steep slope 

(S0=0.02). The inflow discharge is reported as Q=0.16m
3
/s [ 5] using both of third and forth method of bed slope 

simulation while the forth and third terms utilized in first and second parts of the channel, respectively. In this 

test, the inverse slope provides sub-critical flow along the first part and after forming the critical depth super-

critical flow is developed in the second part with the steep slope. Hence, the flow is mixed of sub and super-

critical flow. Note that in this test, in the initial conditions assumed the flow is super-critical at the entire 

channel. According to the flow regime, at the upstream boundary, the flow is sub-critical and free stream 

velocity components (unique width discharge) imposed while the depth extrapolated from the interior point. At 

the downstream boundary, the flow is super-critical and the free stream velocity components and depth 

extrapolated from the interior points. Therefore, in this test the water depth is not imposed at any flow boundary. 

The critical depth computationally forms where the flow regime changes (at the position of changing the bed 

slope). The computed flow depth develops toward up-stream as well as down-stream from this internal 

boundary. Due to inverse slope increased water depth and A2 profile is formed at the first part of the channel 

(Fig. 5). At the second part of the channel sub -critical flow is changed to super-critical flow and S2 profile is 

developed (Fig. 5). As it can be seen in the figure 5, the computed critical depth appeared at the beginning of the 

second part of the channel.  
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Figure5. Water depth profile along the centerline of the channel for inverse and steep bed slopes 

 

Conclusion 
Using depth averaged equations of continuity and motions, two-dimensional free surface flow in dual slope 

channels are simulated. The cell vertex finite volume method on triangular unstructured mesh is used to 

discretize the governing equations. In present work, the effect of bed slope is modeled by considering the bed 

elevation in the gravitational term of the equations of motions. The numerical oscillations due to explicit 

procedure of computations are damped out by application of the bi-harmonic artificial dissipation formulation 

suitable for the unstructured triangular meshes. The numerical model works with 2D triangular unstructured 

meshes, which represent 3D characteristics using the bed elevation at each nodal point.  

The developed model was applied for simulating free surface flows in a long channel with two different bed 

slopes. Three conditions of dual slopes, which produce sub-critical, super-critical, and mixed flow regimes, were 

examined. The cases include the conditions that water surface does not follow the bed slope direction. Moreover, 

the situation that critical depth should form computationally in the flow domain is successfully tested.  
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Proper initial and flow boundary conditions were implemented and the complicated bed slope conditions were 

successfully simulated with small increase in computational effort 
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