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ABSTRACT 

A new method for computation of buckling load of non-uniform cracked columns is presented. The 
governing equations in the form of differential equations and boundary conditions are derived. The 
crack is modeled by a mass less rotational spring. Based on the principles of calculus of variations a 
minimization problem is defined as an alternative for the governing differential equations. Solution of 
this minimization problem leads to the buckling load and mode shape of the column. The concept of 
fractal dimension is used for detecting the position and depth of the crack, from the mode shape. Several 
examples solved and the method is verified. 
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1. INTRODUCTION 

Light weight structures have been extensively used in civil, mechanical, and aerospace engineering. To achieve 
a better distribution of strength and weight non-uniform structural members are widely used. In structures 
columns are important members. Stability represents one of the main problems in solid mechanics. It must be 
controlled to ensure the safety of structures against collapse. Therefore the stability investigation of non-uniform 
columns have become of increasing importance [1,2]. Mechanical vibrations, long term services or applied 
cyclic loads may result in the initiation of structural defects such as cracks in the structures. Therefore the 
determination of the effect of this defect on the stability of the structure is worthy of attention. Cracks lower the 
structural integrity and should be considered in the stability analysis of cracked structures. Dimarogonas [3] 
gave a state of the art review of the methods developed for analysis of cracked structures. 

Crack in a structural member modify its stiffness. In order to investigate the effect of a crack on the behavior of 
a structure a mathematical model of the crack must be introduced into the model of the structure at the crack 
location. Dimarogonas [4] introduced a local flexibility model, a rotational mass less spring, for analysis of 
cracked beams. 

The buckling problem of cracked columns has bean the subject of numerous investigations. Among these, 
Anifantis, et all [5] investigated the stability of columns with cracks subjected to follower and vertical loads. 
The stability of a non-uniform Timoshenko beam has been studied by Takahashi [6]. Li Q.S. [7] introduced 
solution for buckling of multi-step non-uniform columns. Some other authors have considered the stability of 
cracked columns [8-12]. 
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A new method for buckling analysis of non-uniform columns is proposed by Ranjbaran, et all [2]. The method is 
extended for cracked columns here. The crack is modeled by a spring. The effect of spring stiffness is 
introduced into the governing equations by the help of Dirac delta function. This is the first time that the crack is 
modeled in this form. The new formulation paves the way for further development in buckling and vibration 
analysis of cracked beams and columns. The concept of fractal dimension is used to detect the position of a 
crack. The crack depth is then determined from the numerical parameters of mode shapes. 

 
2. BASIC FORMULATION 

2.1 Governing Equations 

The governing equation (GE) for buckling analysis of a simply supported column is written in non dimensional 
form as follows: 

                  (1) 

Where P is the axial load, k is bending stiffness, L is length, y is lateral displacement, and s is non uniformity 
ratio. The parameter q is defined as the ratio of P over the Euler load, Pe. And c in the subscript denotes the 
control section. ,(') in the subscript denotes derivative with respect to x 

 

Figure 1 Displacement in vicinity of a cracked point. 

A crack produces an effect that does not tend point wise to any limit. One may think of a crack as a point source. 
The best entity to have this property is the Dirac delta function. Based on fracture mechanics principles a crack 
is modeled as a mass less rotational spring [5], with a specified flexibility. The spring introduces a jump into the 
slopes of tangents to the mode shape. In the vicinity of a cracked point the displacement is composed of intact 
and cracked components defined as follows, Figure 1; 

                                                                                                   (2) 

In which H and  are Heaviside and Dirac functions respectively [13]. And d in the subscript denotes damaged 
(cracked) point and Cb is the flexibility of the mass less spring defined as follows: 

                                                                                                                         (3) 

Where 

                                                                                                                                                                             (4) 

In which H is the column section height and a is the crack depth in direction of H. 

Writing equations of equilibrium for a section of column containing crack, the following relation is obtained: 

                                                                                                                                  (5) 
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Substitution for M=-k( ) to obtain the GE of a cracked column as follows: 

                                                                                                        (6) 

 For a simply supported column equation (6) reduced to the following second order equation 

                                                                                                                  (7) 

Note that the braces containing the crack term is placed at two different positions in equations (6) and (7). This 
is done, by intension, such that in numerical integrations, the kernels always are continuous and single valued. 

2.2 Analytical model of a cracked column (AMCC) 

For better demonstration and verification of the numerical models a uniform column with an internal spring is 
considered, Figure 2.Where Kb and Cb are spring stiffness and flexibility coefficients respectively. Selecting two 
axial coordinate x, one with center at A in direction of AS and one with center B in direction of BS.  

 

Figure 2 A column with internal spring. 

For AS: 

                                                                                                 (8) 

And for BS: 

                                                                                                   (9) 

Substitution of boundary conditions and simplifying leads to the following homogeneous equations: 

                                                                            (10) 

Putting the determinant of the coefficient matrix equal to zero leads to the following eigen equation: 

                                                                                                     (11) 

Or 

                                                                                                     (12) 

This is the well known equation derived by other methods (e.g. TMM). The eigen value  is obtained by solving 
the above equation. Because of nonlinearity the Newoton-Raphson method is used. 

The mode shape of the column is obtained as follows: 

                             (13) 
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The change in slopes on two sides of the spring is as follows: 

                                                                                                              (14) 

And from equation (12) the following relation is obtained: 

                                                                                                               (15) 

Note that in case of cracked column it is necessary to define Cb, based on fracture mechanics, in terms of crack 
depth, as in equation (4). 

 

2.3 A Solution by the Optimization Methods (ASOM) 

The Dirac delta function is not a function. It is a mathematical entity called a distribution. It is well defined 
when it appears under an integral. The following formulation is a suitable place for its use. Based on principles 
of calculus of variation a minimization problem (MP) is defined as follows: 

                                                                                                            (16) 

Where for 2nd order case 

                (17) 

And for 4th order case  

             (18) 

The minimizer function, y, of the quotient q should satisfy the Euler-lagrange equation as follows [14]: 

                                                                     (19) 

Where Fiy, Fiy', and Fiy'' denote derivatives of Fi with respect y, y' and y'' respectively.  (') in the superscript 
denotes differentiation with respect to axial coordinate x. Substitution of Fi, i=1,2 from equation (17) into 
equation (19) leads to the following equation: 

                  (20) 

The right hand side of equation (20) is the GE (7). This means that the shape function y, which satisfies the 
differential GE is the minimizer function of the objective function q. The same concept applies to 4th order case. 
As a result one may solve the optimization problem in equation (16) in place of the GE(7). Different techniques 
of optimization are candidates for solution. Currently the BFGS algorithm is used [15,16]. For numerical 
computation the column length is divided into n segments connected at n+1 nodes. Using the central difference 
concept for derivatives [17] the numerator, N, and the denominator, D, of the quotient are defined as follows: 

                                                          (21) 

Where d in the subscript denotes the damaged (cracked) point. The method is reduced to obtaining 
( ) which minimize q subject to boundary conditions and minimum value of q. The critical load Pcr 
and the length factor, K, are obtained as follows: 
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                                                                                                                       (22) 

The validity of the proposed method (i.e. ASOM) is demonstrated by using the mode shape of the column, 
derived in previous section, into equation of the MP problem. 

Substitution of mode shape defined in equation (13) into the MP defined in equation (17) and (18) yield the 
same q defined as follows: 

                                                                                                                                                          (23) 

This shows that both of equations (17) and (18) are correct. 

2.4 Damage detection by fractal dimension (FD) 

The FD can be considered as a relative measure of the number of basic building blocks that form a pattern. In 
that way, the FD could be used as a measure of the signal complexity in the vibration and buckling domain. The 
complexity could vary with different structural conditions, i.e. reduction of the stiffness due to occurrence of a 
crack, and thus, changes in the mode shapes. From this perspective, the crack is seen as a factor that shifts the 
mode shape toward a more complex behavior. Consequently, by means of FD the complexity variations are 
linked with the changes in the mode shape, providing a fast computational tool that tracks the existence of a 
crack. The proposed analysis assesses the changes in complexity directly on the mode shape by estimating its 
FD within, an overlapping sliding window across the column length. 

Crack introduces a jump in slopes of the mode shape. This is a kind of disturbances. Fractal dimension is a 
device which can be used to show the disturbance in a curve. For a discretised curve with m+1 points, (yi, i=0, 
m) the FD is defined as follows, after Katz [18,19],: 

                                                                                                                                    (24) 

Where d is the maximum distance of the points on the curve from the first point and leng is the curve length. 
These are defined as follows, Figure 3: 

 

Figure 3 Parameters of fractal dimension. 

 

                                                           (25) 

For a typical mode shape, a set of m+1 points around each point of the curve is used to compute the FD 
corresponding to that point. A curve with column axis as abscissa and FD as ordinate (FDC) is drawn. The FDC 
is used to detect the position of the crack. In the next stage the intensity of the crack is obtained as follows: 
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                                                                                 (26) 

3  VERIFICATION 

To verify the proposed method and its implementation several examples are included. 

EXAMPLE 1: A uniform cracked column with the following parameters is considered.  

 

Solution: The column is analyzed by ASOM. The results are compared with that of AMCC in Figure 4. The 
mode shape for a=0.5H and b=0.3L and the mode shape for a=0.5H and b=0.5L are shown if figures 5 and 6 
respectively. The FDC corresponding to above mode shapes is shown in Figure 7. 

 

 

Figure 4 The buckling load ratio for a uniform column.                        Figure 5 Mode shapes of a cracked column. 

 

 

Figure 6 Mode shapes of a cracked column.                      Figure 7. The fractal dimension curve for a cracked column. 

 

EXAMPLE 2 : A non-uniform column with the following properties is selected for study, Figure 8. 

 

 

Solution: The column is analyzed by ASOM. The buckling load ratio is shown in Figure 9. 


