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Abstract 

This paper presents the numerical and analytical modeling of reinforced concrete (RC) beams strengthened in 

flexure with near-surface mounted (NSM) carbon fiber reinforced polymer (CFRP) strips. The stages of the 

NSM technique, comparison between NSM and externally bonded (EB) method are studied. An analytical 

investigation is performed for determining of load-deflection curve. The numerical modeling is carried out in 

ANSYS software. The crack propagation, interfacial normal and shear stress at the cutoff point and cracked 

regions are investigated. The modeled beams are strengthened by one, two and three grooves. The results, 

load-deflection curve, are compared to reported results in literature. 
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Introduction 
During last ten years, the conventional strengthening methods are being replaced by fiber reinforced polymer 

(FRP) strengthening methods. FRP materials are available in the form of bars, in the form of unidirectional strips 

made by pultrusion, and in the form of sheets or fabrics made by fibers in one or two different directions, 

respectively. The main fibers of these materials are carbon fiber and glass fiber, while epoxy is used on the 

matrix phase. The main advantages of these composite are high tensile strength, low weight, easy installation, 

high durability and large deformation capacity [1]. Generally, the reinforced concrete (RC) members are 

strengthened with FRP in two methods; near-surface mounted (NSM) FRP reinforcement and externally bonded 

(EB) FRP reinforcement. The NSM technique is the latest method for shear and flexural strengthening of RC 

members with FRP reinforcement. Three shapes of FRP have been used in the NSM method; rectangular/square 

bar, round bar and strip. 

The current research focuses on CFRP strips for strengthening using NSM technique. An analytical 

investigation is performed in MATHEMATICA software for determining of load-deflection curve by integrating 

the curvatures along the beam with respect to the material properties and problem assumptions. The numerical 

modeling is also carried out in ANSYS software and the crack propagation, normal stress and shear stress in 

adhesive layer are investigated in details. The validity of numerical and analytical results are compared to report 

those existing experimental tests in the literature. 

 

The NSM strengthening technique 
In NSM method, primarily, grooves are made into the concrete cover of RC beams then, the FRP reinforcement 

is bonded therein with appropriate groove filler (typically epoxy paste or cement grout). 

In general, the following steps must be performed during NSM strengthening [2], [3]: 

1- Sawing slots in the concrete cover, with respect to the depth of concrete cover and size of product that is used. 

2- Careful cleaning of the slots after sawing using compressed air or high-pressurized water (approximately 100-

150 bars). No saw mud is allowed to remain in the slot. 
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3- If an epoxy adhesive is used, the slot must be dry before bonding. If a cement mortar is used it is generally 

recommended that the groove surfaces should be wet at the time of cement mortar casting.  

4- Epoxy adhesive or cement mortar is applied in the slot. 

5- The NSM reinforcement is mounted in the slot and the excess adhesive or cement mortar is removed. 

It is recommended that the NSM reinforcement is cleaned and the epoxy adhesive is applied on the face of the 

reinforcement before installation. 

Some practical lessons that were learned in the NSM strengthening are [4]: 

1. The viscosity of the adhesive used in NSM applications must be increased for overhead application. In some 

studies, this was done by adding a little proportion of inert filler, silica fume, to the neat epoxy adhesive. There 

was no degradation of bond quality resulting from the use of the silica fume filler. 

2. The need to cut the slots for the NSM method in an overhead orientation requires a more significant onsite 

setup and hardware that may adversely affect the economy of this method. 

Comparison between the NSM method and EB method [5]: 

1- The amount of site installation work may be reduced, as surface preparation other than grooving is no longer 

required (e.g., plaster removal is not necessary; irregularities of the concrete surface can be more easily 

accommodated; removal of the weak laitance layer on the concrete surface is no longer needed). 

2- NSM reinforcement is less prone to debonding from the concrete substrate. 

3- NSM bars can be more easily anchored into adjacent members to prevent debonding failures; this feature is 

particularly attractive in the flexural strengthening of beams and columns in rigidly-jointed frames, where the 

maximum moments typically occur at the end of the member. 

4- NSM reinforcement can be more easily pre-stressed. 

5- NSM bars are protected by the concrete cover and so are less exposed to accidental impact and mechanical 

damage, fire, and vandalism; this aspect makes the introduced technology particularly suitable for the 

strengthening of negative moment regions of beams/ slabs. 

6- The aesthetic of the strengthened structure is virtually unchanged. 

Due to the above advantages, the NSM FRP method is in many cases superior to the externally bonded FRP 

method or can be used in combination with it. 

 

Analytical model for load-deflection curve 
An analytical model was performed for RC beams strengthened in flexure with NSM CFRP reinforcement to 

predict load-deflection curve of the beam. In this analysis, the plane section assumption is assumed to be valid 

for the RC section and the strengthened-RC section. The steel reinforcements and the FRP reinforcements are 

modeled as elastic-perfectly plastic and linearly elastic up to the failure by brittle rupture, respectively. The 

strain compatibility diagram is shown in figure 1.  

 

 
Figure 1– Strain and stress distribution in section 

 

The concrete is assumed to bear no tensile stresses after cracking and its uniaxial compressive behavior is 

described by the Modified-Hognestad stress-strain curve, as shown in figure 2. 
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Figure 2– Modified-Hognestad stress-strain curve [6] 

 

The resultant compressive force at the concrete section is calculated by the following integrals: 
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Where cy1f , cy2f  and oε  are shown in figure 1. cC , c , b , cε  and c′  are resultant force in compressive concrete, 

depth of neutral axis, width of section, concrete strain at the extreme compression fiber in each time step and the 

distance between neutral axis and fiber with strain oε , respectively, figure 1.  

The distance between the neutral axis and the resultant compressive force is calculated by the following 

integrals: 
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Where y is shown in figure 1 and Ccy is the distance between the neutral axis and the resultant compressive 

force. It is assumed that failure occurs when either the concrete strain at the extreme compression fiber reaches 

0.0035 or the FRP reaches its ultimate tensile strain. Generally, a RC beam load-deflection curve consists of the 

following stages: 1. before cracking; 2. after cracking and before yielding of the steel bars at the tension face; 3. 

after yielding of the steel bars at the tension face up to failure. At each stage, the deflection of the beam is 

obtained by integration of curvatures along the beam.  

Integration of curvatures involves calculating the curvature due to a given load at various points along a member 

and integrating the curvatures over the member’s length to obtain the deflection at a desired location. The 

curvature at every point of the beam is equal to: 

                                                                                   (5) 
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Where� , M, E and I are curvature, applied moment, concrete modulus of elasticity and moment of inertia of the 

strengthened section, respectively. The basic integral for calculating the beam deflection is equal to: 
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Where � and x are vertical deflection and location of the desired deflection, respectively. Finally, the vertical 

deflection is obtained from following integral: 
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Where 1x , 2x  , 3x , gtI  and  effI  are the distance between end support and the location where the applied 

moment reaches to the cracking moment of the section, the distance between end support and the location where 

the applied moment reaches to the yielding moment of the section , the distance between end support and the 

location of desired deflection, the gross moment of inertia of the transformed strengthened section and the 

effective moment of inertia, respectively. 

Before cracking the moment of inertia is computed by an elastic analysis of the gross transformed cross section. 

After cracking and before steel bars yielding, the moment of inertia is computed by Branson’s formula. The 

Branson’s formula for effI  is [6]: 
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Where crM , aM  and crI  are the cracking moment of concrete section, applied moment on concrete section and 

the cracked moment of inertia of the transformed strengthened section, respectively.  

 

Comparison between analytical modeling and reported results in literature 
Figure 3 presents the geometry of the considered beams that were tested by Barros and Fortes [1], the 

reinforcement arrangement and the number and position of the CFRP laminates. The loading and the support 

conditions are also shown in figure 3. In this paper, the end location of CFRP strip is called cutoff point and 

other region is called intermediate region. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3– Geometry of the considered beam 

 

The properties of concrete are shown in table 1.  

 
Table 1- Properties of concrete 

tf (MPa)�cf (MPa)�cE (MPa)�Beam�

3.37�45.33�33350�1SB �

3.58�48.9�36500�2SB �

 

The longitudinal reinforcement consisted of steel bars of 6mm and 8mm diameter. For shear, stirrups of 6mm 

and 3mm diameter were used. The elastic properties of these bars are included in table 2. The CFRP laminate 

strips had a cross section of 9.6mm width and 1.45 mm thickness and also, a Young modulus of 158.8 GPa, a 

tensile strength of 2739.5 MPa and an ultimate strain of 1.70%. 

 
Table 2- Elastic properties of steel bars 

 

 

 

 

 

Figure 4 and table 3 shows the load-deflection curve and the comparison between proposed analytical calculation 

and experimental results. In table 3 the parameter used are introduced as crP : cracking load, yP : yield load, uP : 

ultimate load, cuε : extreme concrete compression fiber strain at failure, fuε : tensile strain in CFRP at failure. 

)MPa(yσ �)mm/mm(yε �)MPa(ES
�)mm(φ �

730 0.00365 200000 6,3 �

524.2 0.00262 200000 8 �
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Figure 4– Comparison between analytical and experimental load-deflection curve 

 

It is observed that a good compatibly between current analytical study and the existing experiment, has been 

performed [1]. 
 

Table 3- Comparison between analytical result and experimental result 

 

 

 

 

 

 

Numerical modeling 
The numerical modeling is also carried out in ANSYS software. The modeled beams are simply supported under 

four-point bending, with rectangular cross section that is strengthened by one and two grooves in concrete cover 

at tension face (figure 3). The Adhesive is modeled with three layers for better performance. Due to the 

symmetry in cross-section of the concrete beam and loading in the finite element analysis; only one quarter and 

in one case one half of the beam were modeled [7], [8]. The concrete, epoxy adhesive, CFRP strip and steel bars 

both longitudinal reinforcements and stirrups were modeled using appropriate elements in ANSYS software. The 

Solid65 element was used to model the concrete. This element has eight nodes with three degrees of freedom at 

each node. This element is capable of plastic deformation, cracking in three orthogonal directions, and crushing. 

The Solid45 element was used to model the epoxy adhesive, CFRP strip and steel plates at the supports and 

under concentrated load. This element has eight nodes with three degrees of freedom at each node. The Link8 

element was used to model steel reinforcement. This element is a 3D spar element with the capability of plastic 

deformation and it has two nodes with three degrees of freedom. The fine mesh size was considered around the 

cutoff point and location of concentrated load. 

 

Numerical results 
The interfacial shear and normal stresses at the cutoff point and intermediate region are shown in figures 5 and 6, 

when the loading level reaches to the such amount causes that cracking at the tension concrete in mid-span area, 

in beam SB2. 

 

 
 
 

 

 

 

 
 

 
 

 

 
Figure 5– Shear and normal stress at cutoff point in the beam SB2 at load 9.86 kN 

cuε  fuε  uP  (kN) yP  (kN) crP  (kN) Method�

Not exist 0.0155 50.3 32.31 10.7 Exp. [1] 

0.00295 0.017 47.54 28.73 7.36 Proposed Analytical�

--- 8.8 5.5 11.1 31.2 Study error %�
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Figure 6– Shear and normal stress at intermediate region in the beam SB2 at load 9.86 kN 

 

Regarding the above figures, the shear stress at the cutoff point is greater than surrounding region. The value of 

normal stress is very small and near the cutoff point is greater than surrounding region. At the cutoff point, the 

interfacial shear stress at the outer layer is greater than inner layer in the beam with two strengthening grooves 

but the interfacial normal stress at the inner layer is greater than outer layer. At intermediate region, the 

interfacial normal and shear stress distribution is absolutely irregular due to crack edge effect. 

For better understanding, the maximum shear and normal stresses at the cutoff point and intermediate region 

within loading are shown in figures 7 and 8. 

 

 

 
 

 

 

 

 

 

 

 

 

 
 

 

Figure 7–Maximum shear and normal stress in the adhesive layer versus load in the beam SB1 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8–Maximum shear and normal stress in the adhesive layer versus load in the beam SB2 




